Thus, we will consider systems of the form
This system is written in conservation form though for some applications this is not necessary. Our analysis will be based on the linearized equations so the conservation form does not appear in the analysis though it does appear in the final numerical approximation. This system is now replaced by p-lwt
or in linearized form
with A and B constant matrices.
For this system to be equivalent to the original system, in the steady state, we demand that p-1 have an inverse.
This only need be true in the flow regime under consideration.
We shall see later that frequently P is singular at stagnation points. Thus, we will temporarily consider strictly flows without a stagnation point. We also assume that the Jacobian matrices A = and B = 0_g_are simultaneously symmetrizable.
In terms of the 'symmetrizing' variables we also Ow demand that P be positive definite. We shall show later, in detail, that it does not matter which set of dependent variables are used to develop the preconditioner. One can transform between any two sets of variables.
Thus, when we are finished we will analyze a system which is similar to (2), where the matrices A and B are symmetric and P is both symmetric and positive definite. Such systems are known as symmetric hyperbolic systems.
One can then multiply this system by w and integrate by parts to get estimates for the integral of w_, i.e. energy estimates. These estimates can then be used to show that the system is well posed . We stress that if P is not positive then we may change the physics of the problem.
For example, if P = -I then we have reversed the time direction and must therefore change all the boundary conditions. Keeping the right signs for the eigenvalues is a necessary but not sufficient condition for well-posedness. With this assumption the steady state solutions of the two systems are the same. Assuming that the steady state has a unique solution, it does not matter which system we march to a steady state. We shall later see that for the finite difference approximations the steady state solutions are not necessarily the sameandusuallythe preconditioned systemleadsto a better behavedsteady state.
Incompressible Equations
Consider the incompressible inviscid equations in primitive variables. Let
where_vl,w2are the Fouriertransformvariablesin the x andy directionsrespectively. The speeds of the waves are now governed by the roots of det(RI -PAw1 -PBw2) = 0 or equivalently We wish to stress that _ has the dimensions of a speed. Therefore, /_ cannot be a universal constant.
There are papers that claim that/_ = 1 or/_ = 2.5 are optimal. Such claims cannot be true in general.
It is simple to see that if one nondimensionalizes the equation then/_ gets divided by a reference velocity. Hence, the optimal 'constant'/_ depends on the dimensionalization of the problem and in particular depends on the inflow conditions. In many calculations the inflow mass flux is equal to 1 or alternatively p + (u 2 + v2)/2 = 1. Such conditions will give an optimal/_ close to one.
We next define the Bernoulli function
BernouUi's theorem states that when the flow is steady and inviscid then H is constant along streamlines. We now multiply the second equation of (3) by u and the third equation of (3) by v and add these two equations.
If/3 2 = u s -t-v 2, the result is 
Theseexamplesshowthat preconditioningis not unique. If fact, sincethe determinantof the transpose of a matrix is equalto the determinant of the originalmatrix it followsthat the transpose ofP is alsoa preconditioner with the sameeigenvalues for the preconditioned system.Thesevarious systemswill havethe sameeigenvalues but differenteigenvectors for the preconditionedsystem. Numerouscalculations showthat the systemgivenby P in (3) is morerobustandconverges faster than with the transposepreconditioner.This showsthat it is not sufficientto consider just the eigenvalues but that the eigenvectors arealsoof importance.The eigenvectors are givenin ([10]).
Wenext 
In the steady state q = r = s = 0 and u_ + v_ = 0 and so we recover the usual incompressible equations, ay,dv,ey,ay,/_y are free parameters that satisfy the following conditions Choosing a = 1 and/3 = U 2 we get the standard preconditioning (3). The Viviand parameters become av = -a, flv= -1, av = 1, dv = U 2, ell = a. Then a = 0 gives the Turkel preconditioner and a = 1 gives the van-Leer (symmetric) preconditioner.
Difference equations
Until now the entire analysis has been based on the partial differential equation.
We now make some remarks on important points for any numerical approximation of this system. When using a scheme based on a Riemann solver this solver should be for the preconditioned system and not the original scheme.
When using a central difference schemes there is a need to add an artificial 
We next consider the use of a matrix valued viscosity. Let D = wlA + w2B with w_ + w2 = 1.
The non-preconditioned matrix viscosity is given by IAI in the x direction and [B] in the y direction.
Then IDI -
) RS (_X2 = + _32 -(_X2-_3) IRI) .
For the preconditioned artificial viscosity we consider instead P-xIPAI and P-1leBi (see [7] ).
We consider the case a = 1 with/3 and a arbitrary. Then
where V32= (_2 S v + R u (aq 2 -fl2) ) (_2 S u + R v (_2 _ q2) ) X 82 q2
By inspection the matrix is symmetric when a = 1. For the special case a = 1 and 8 2 = u 2 + v 2 the formulas simplify and we get
For the equations in conservation form we multiply the continuity equation by u and add to the x velocity equation.
We also multiply the continuity equation by v and add to the y velocity equation.
Computational Results
We 
